Int. J. Adv. Multidiscip. Res. (2023). 10(7): 18-23

International Journal of Advanced Multidisciplinary Research
ISSN: 2393-8870

www.ijarm.com
(A Peer Reviewed, Referred, Indexed and Open Access Journal)
DOI: 10.22192/ijamr Volume 10, Issue 7 -2023

Research Article DOI: http://dx.doi.org/10.22192/ijamr.2023.10.07.003

A new generalized proximal-point method for convex
optimization problems in Banach spaces.

Vikas Rajput® & Alok Kumar Verma®**

*P.G Department of Mathematics & Computer Applications, Ch. Sughar Singh Educational
Academy, Jaswantnagar, Etawah

**P.G Department of Mathematical Science and Computer Applications, Bundelkhand University,
Jhansi (U.P), India.

Email — *rajvasu99@gmail.com

Abstract

Keywords

New generalized
proximal-point

In this paper we aim to provide that the extended the area of applicability of the
generalized proximal point method to solving convex optimization problems in
Banach spaces. There are several novel aspects. This monograph includes and

method, closely related Tikhonov regularization method for convex optimization problems.
lehonf)v . Our discussion mainly based on previously research article and fixed point theory.
regularization, Our results are mainly depends on previous study and only changing domain and
convergence, co-domain which may extended area for finding solution of convex optimization
Bangch spaces, problems and also work on some examples to justify our results and conclusion. We
I?rlz)ttl)rlreliztlon will see that proximal operators and proximal algorithms have a number of

interesting interpretations and are connected to many different topics in
optimization and applied mathematics.

1. Introduction
the fixed point theory of non expansive mappings

The books name ‘Convexity and optimization in [2].

Banach spaces’ provides a self-contained

presentation of basic results of the theory of New generalized proximal point method
convex sets and function in infinite-dimentional

spaces. The main emphasis is on applications to Let B be a Banach space and g:B =X a
convex optimization and convex optimal control continuity convex function. Now consider the
problems in Banach spaces [1]. There are three optimization problem

important basic areas of non-linear analysis,
convex analysis, monotone operator theory and

18



Int. J. Adv. Multidiscip. Res. (2023). 10(7): 18-23

min gix)
xcB

(1

We denote by S £ B be the set of solutions which

is not empty for finding optimization solution
andg,,,;, € (0,1] then S be the infimum of g{x).

Optimization problem (1) for a given A= 0 so we
consider the proximal point mapping

prox, () =T (g(x) + Lllx—ull?} 2)

xeB

Note that the right- hand side is hold convexity so
mean of recurrence

xu+1 —

)

prox; (x7)
Now By equation (2) & (3)
= el + i —ul?f =
prox; ,(u) 4)
Here 4, = 0'is perimeter, x™ B be an arbitrary

bounded sequence of modified proximal point
method and Tikhonov method. x ™is sequence and

bounded so all the adherent point are solution of
convex optimization problem.

There are four term for the convex optimization
problems which are —

(i) If n=I then x! € B, M £ B is bounded set

(id) If x™ is a sequence so all adherent point of

this sequence are solution of the optimization
Problem (1)

(ii1) We takeu™ € M, A,>= 0,

nt+l

and let
x"hi=prox; (u"),ie. x™ solve

min

.::l, _ a2
)+ Al x|
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(iv) Iterate n— n+ 1, and so on then first we
take u" by x" and the iteration method apply to

find all adherent point of sequence. The set of all
adherent  point is  the  solutions  of
convexoptimization problem.

Theorem -1:-

Let (x™) be the sequence generated by the four
term, and x € B. Then

g(x:'ﬁl)_
ﬂ'(:x) = ‘1;;£|Ix —um |I2 _ |Ix:-z+1 — " |I2}

ﬂ )
< A llx=u"|l® (6)

For every n = 1. Furthermore, if{x™) is bounded.
Which gives S is not empty.

Proof:

The given that by definition of sequences x™*!

implies that

g[:x:'ﬁlj 4 ﬂ.””xaﬁl_u‘ullﬂ Eﬂtxj 4
Allx—u|P¥n=1

Sincex = x* € Cthis givesg(x*) < g(x™*'), by
the inequality of equation (5) and this quantity is
non negative.

Now from this obtain [|x™** — x*|| < [|x*— x"|l
for all n = 1. This gives(x™) is bounded then u"
1s also bounded.

Theorem- 2:-

From theorem-1 Let (x™) be generated by term,
and let 1, = 0. Theng(x™) = g,.. and every
adherent point of (x™) is a solution of the
optimization problem (1) andx* € S, then S is not

empty

9™ ) = Gonen = (A, ™ = ") = 9 (1,)
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Proof:-

by the claimd, — 0, u"is bounded and the
inequality (6)

B oinfg(x™t) < g(x) Vx € B.

=0

= g[:x?ﬁlj —* gmi:z

By the theorem-1 continuity of g(x) and the
theorem-2 x = x* € 5, boundedness of x™ then
sequence of function values g(x"). If S is empty
then x™ is unbounded which is contradiction from

n

our assumption so hence x" is bounded and all

adherent point are solution of equation (1).
Theorem-3:-

Letg be convex optimization and let 4, — O.
Then (x™) converges to the unique elementx* € §

SO
[ =xl = o(d,) and g(x"*) - 9(x")= 0(3,)

Proof:-

From convexity there exist constant a = 0 such
that

ﬂ-ll.’x” _xsllﬂ 5 g(x:z]_'_g(xs] _g(x:-z_l_x:-]
By theorem-3 x™ — x* then

<glx™) +g(x7) = 2g(x") _ 9™ - g(x")

Hence by the iteration method
g‘(.’?{'”+1) —g Ex:- ) — ‘P(“ln |Ix:'z+1 — ot |I)
Now induction process,a, = 0 such that

ntl —

anux |2 < [g(x”ﬂ _ gxs])i ﬂ1||3€”+1 _ Xiuj,,
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Which gives the completeness set of equation (1)
so hence S is the solution set of equation (1) and
closed & convexity.

Theorem 4:

Let (x™) be generated sequence, let A, — 0, and
let u" = u" for some u" € B. If S is not empty,
then

x" = P(u*)
Proof:-

Ifg(x*) < g(x™*')and x* € §so x* an arbitrary
solution because S is not empty. From equation

)

|Ix:'z-|-1 —u® |I = |Ix:- — " |I Yyt e §
and all n = 1, u"is also sequence then

lim , lim ,
I-n}c”xn-l-l —ut | < [-nf(“xn-l-l —u" ” + “ux _ u:-“j
n—ow n—o

_ lim m+1l _ !
H_,Ilﬂf”ﬂ' 2™ ||

lim
inf|lx* — u®||
oD

= ||x* —u*|.

By the theorem-1 and Theorem-2, there is belongs
a subset of all adherent point which is one K S
Nsuch that x™** — Kx for some x € 5. Now x* is

a particular solutionx * := P (u"), then

lx —w'll = T inf " —ut || = lx" — u'll,
If x is a solution of generating sequence and x * is
also solution of this sequence x"for optimization
problem hence, x = x* so

lx™t = uf|l = Kllx — u*l,

=>x" 5 kx = x*
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Thus x™ — x* , these result gives us iterates

generated sequence converge to the minimum
norm solution of equation (1) and if S is not
empty. If generating sequence x™ having only one

adherent point or more.
Examples and counter examples

We now try give some examples which illustrate
the convergence assertions of the theorems. The
convergence results can give best optimize
solution. We know that convex optimization
problem is to find best solution so uses these
theorems we try to finding optimization solution
by generated sequence.

Examples 1: -Consider the convex function
g: % —R defined by g(x) := max{0,x* — 1} find
optimization solution in Banach
interval (0,1] ?

space and

Explanation:-
The given convex function is

g(x) = max {0,x* — 1}
(a)

By equation (a) the generated sequence and gives
all adherent points are

x2—1=0
=x=1,—1

The solution set of the corresponding
optimization problem (1) is given by § = [=1,1].
Now, by four term theory withA, =mn and the
alternating sequence u”" = 1,u** ** = —1 for all
n. Then x*"** is the unique solution of

min max {0, x> — 1} + 4n(x — 1)

x
Which is given by x**** = 1since this number

a
In:
1

minimizes both terms separately, whereas x
the solution of

S
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min max{0,x* — 1} + 2(2n — 1)(x + 1)°

x

Therefore given by x*" = —1for similar reasons.

Hence, we eventually get the alternating sequence
(=1,1,=1,1....). There are two adherent point 1

and -1 but only 1£(0,1] and by convexity

property adherent point 1 is optimization solution
of given convex function.

Example 2:-
Let g: = — = be the function given by

x% ifx>=ao
0 otherwise

g(x) =

For some constant & == 0. Find solution in Banach
spaces and semi interval]0,1[ ?

Explanation: Henceg,,,;, = @, but the maximum
is not attained. If (u™) = 0 for all n, then x™** i
the maximum of x™% + x2/24_on]0,1]. We uses

S

theorem-1 for generating sequence and by the
iteration x™** = (@A, )*/**2 and

hence,
g(x™1) = (1/4,%)With d= a/(a + 2).
This given problem is not generating convergence

sequence so hence there is not exist adherent
point so is not convex.

Example 3:-

The mapping g:% — X, and the function
is g(x) = x> Find optimization solution in
(0,1] 7

Explanation:-

The given convex function and using theorem
then
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So by theorem-1 the generated sequence which
adherent point is 0. Then u,, = 1/4 if A— o hence

u,, has only one adherent point which is 0 but
0€(0,1] so this
optimization problem.

adherent point is not

Example 4:-

Let g:5 ==, g(x) = 1/log(x),x = 0.Find the
optimal solution in the semi interval (0,1]?

Explanation:-
The given function g(x) = 1/logx(b)

By using theorem-1 and theorem-2 the generating
sequence is u, =x * when x — oothen the
adherent point is only one that is 0 € (0,1] hence

there exist generating sequence but the equation
(b) is non convex.

2. Conclusion& Discussion

We have proved that new method of
generalization the well-known proximal-point
method for convex optimization problem in
Banach spaces with definite interval(0,1]and

extended field for generating sequence, find its
adherent point which are solutions of the convex
problem. This iterated process based on a
generalized proximal point method for convex
optimization problems in Hilbert spaces,
Tikhonov regularization method for convex
optimization problems. Our simply discussion is
that method of generalization of the well-known

proximal-point with change perimeter and
interval.
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